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Abstract 

The new representation formula for the spectral shift function due to F. Gesztesy and 
K. A. Makarov is considered. This formula is extended to the case of relatively trace class 
perturbations. 



1 Introduction 

1. First we briefly remind the definition of the spectral shift function (SSF). For the details and 
references to the literature, see |2l[ |. 

Let Hq and H be self-adjoint operators in a Hilbert space 7i, and let their difference belong 
to the trace class: 

H-Ho£6i. (1.1) 

Then there exists a unique function ^{■■, H, Hq) G Li(M), such that the following trace formula 
holds: 

/oo 
^'{X)aX;H,Ho)dX, V(^eCo°°(M). (1.2) 
-oo 

The function is called the SSF for the pair Hq, H. 

Let Afj^fj^^{z) = det{{H — zI){Hq — zl)~^), Imz > 0, be the perturbation determinant of 
the pair Hq, H. The following Krein's formula expresses the SSF in terms of the perturbation 
determinant: 

^{X;H,Ho) = - lim avgAH/H^{X + iy), (1.3) 
where the branch of the argument is fixed by the condition 

lim arg A^/Ho + w) = 0- (1-4) 

The Birman-Krein formula relates the SSF to the scattering matrix S{X; H, Hq) for the pair Hq, 
H (for the definition of the scattering matrix, see, e.g., [pl|): 

detS{X;H,Ho) = exp{-2Tri^{X; H, Hq)), (1.5) 
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for a.e. A on the absolutely continuous spectrum of Hq. 

2. In a new representation for the SSF has been found. In order to write down this 
representation, let us present the perturbation V := H — Hq in the factorised form V = G*JG, 
where G is a Hilbert-Schmidt operator, and J = J* = = signl/. Further, denote 

A{X + iO):= lim Re (G{Ho - {X + iy)iy^G*) , 
B{X + iO):= lim Im (G{Ho - {X + iy)I)-^G*) . 

Note that the limits in ( [1.6| ) exist for a.e. A E M in the operator norm (and even in the norm of 
the Schatten-von Neumann ideal &p for any p > 1 — see @, ^] ) . 
The representation of ||9|, Theorem 5.4] reads as follows: 

1 f°° dt 

^{X;H,Ho) = - ™^^^(^-^+^(-^+'0)+ts(A+iO)((-oo,0)),Sj((-(X),0))), a.e. A G M. 

(1.7) 

Here Em{-) stands for the spectral projection of a self-adjoint operator M, and index(-, •) denotes 
the index of a Fredholm pair of projections (see ( |2.3| ) below). In the special case of perturbations 
of a definite sign (where J = ±7) the formula (|1.7|) was originally found in ||T7|| . 

3. In applications, the assumption ( pTl] ) becomes too restrictive. Instead of (|1.1D, it is usually 
possible to check that 

f{H)-f{Ho)e&i, (1.8) 

where / : (j{Hq) U (j{H) ^ M is a monotone smooth enough function. In what follows, we for 
simplicity assume that / is non-decreasing (otherwise one can replace / by — /). 

Under the assumption (|1.8|) , the SSF for the pair /{Hq), f{H) exists and the corresponding 
trace formula is valid. The change of variables A ^ /(A) leads to the trace formula (|1.2| ) for the 
pair Hq, H with 

^(A; H, Ho) = afW;fiH), f{Ho)). (1.9) 



Usually formula (|l.9|) is treated as the definition of the SSF ^(•; H, Hq) under the assumption (|l. 
Further details can be found in pl| , §8.11]. For the function /, one often takes /(A) = (A — Aq)"*" 
or /(A) = e^"^. 

4. For the case of perturbations V of a definite sign and semibounded from below operators 
Hq, H, formula (|l]^) has been extended (in ||l7| . Theorem 1.2]) to the case when the inclusion 



( |1.8| ) (but not necessarily (1.1)) holds true with /(A) = (A — Ao)~™. This extension has proved to 
be useful in applications to differential operators (see |jl8|). 

The aim of this paper is to prove a similar result without the assumption on the sign of the 



perturbation. Below we briefly describe our main result; for a precise statement, see Theorem 7.6. 

Let Hq be a self-adjoint operator and suppose that the perturbation V of Hq has the form 
V = G*JG, where the operator G is such that G{\Hq\ + /)~^/^ is compact, and the operator 
J = J* is bounded and has a bounded inverse (in contradistinction to P, we do not assume that 

= I; this generalisation is completely trivial, but may be useful in applications). Under these 
assumptions, one can define the perturbed operator H = Hq + G*JG. If Hq is semibounded from 
below, the sum Hq + G* JG is understood in the form sense. If Hq is not semibounded from below, 
one can still define the operator H using the resolvent identity; this is explained in §^]^ below. 
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Next, we fix an open interval 5 C M and assume that the operator GEho{5) belongs to the 
Hilbert-Schmidt class 62- The above assumptions guarantee that for a.e. A G M, the limits 



A{\ + iO), B{\ + iO) (see (1.6) or, for a rigorous definition, ( |2.6| )) exist in the operator norm and 
-B(A + iQ) G ©1. This implies that the r.h.s. of (|1.7| ) (and of its generalisation ( I.IOD below) is 
well defined. 

Further, we accept the following assumption on the function / (this assumption will depend 
on the spectral parameter A). 

Assumption 1.1. Let C M 5e a Borel set, and let f : ^ M satisfy the following two conditions 
at the point X: 

(i) A is an interior point of Q, f is continuous and differentiahle at \, and /'(A) > 0; 
(a) inf{|/(2;) - /(A)| | x G J], |x - A| > 5} > /or any 5 > 0. 

We suppose that ct^Hq) U a{H) C Cl, the inclusion ( |1.8| ) holds and the Assumption ^ holds 
for all X £ 5. Thus, the SSF for the pair /(i?o), f{H) is well defined. Under these assumptions, 
we prove that for a.e. X £ 6 one has 

1 /"°° dt 

af{Xy,fiH),fiHo)) = - y_^^index(i?^-i+^(,+,o)+iB(A+.o)((-oo,0)),i?j-i((-oo,0))). 

(1.10) 

In applications to differential operators, the hypothesis of the above described result (for a 
suitable choice of the function /) can be easily deduced from the appropriate assumptions on the 
coefficients of the differential operators Hq, H. 

5. Let us describe the idea of the proof. As a main tool, we use a certain function n{0; A, H, Hq). 
This function is integer valued and depends on two variables 6 £ (0, 27r) and A G M and a pair of 
operators Hq, H. The function is closely related to the scattering matrix for the pair Hq, H. 
The definition of fi does not require any trace class assumptions. However, in the framework of 
the trace class theory, it is related to the SSF for the pair Hq, H. 



In order to define the function fi, we introduce two assumptions (Assumption 4T and Assump^ 



tion 4.3) on the pair Hq, H. The first assumption is formulated in terms of the difference of the 
resolvents of Hq and H; roughly speaking, this assumption means that H is obtained from Hq 
by means of a relatively compact (in an appropriate sense) perturbation. The other assumption 
depends on the spectral parameter A and is close to the requirement of the existence of the limits 
(|1.6| ) in the operator norm. 

Under these two assumptions, we define the function fj,{9; X,H, Hq) as a spectral flow of a 
certain family of unitary operators, which depends on Hq, H and A. The notion of a spectral flow 
of a family of unitary operators is introduced and discussed in §^. We postpone the definition of 
till §^; below we only list some of the properties of fi (without giving precise statements) and 



explain how formula ( 1.1C| ) can be deduced from these properties. 



(i) Up to an integer constant, fi{9) coincides with the eigenvalue counting function for the 
spectrum of the scattering matrix S{X; H, Hq): 

fi{ei) - 11(62) = Yj dimKer(5(A; H, Hq) - e'^I), < 9i < 62 < 2tt. (1.11) 

(ii) Suppose that the perturbation V = H — Hq can be written down asV = G*JG, where the 
operator G is such that G{\Hq\ + /)~^/^ is compact, and J = J* is bounded and has a bounded 
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inverse. If the limits ( |1.6D exist in the operator norm, then the following formula for // is valid: 
fi{e) = index(^j-i((-oo,0)),^j-i+^(A+io)+cot{e/2)B(A+iO)((-oo,0))). (1.12) 
(iii) If ( |1.1| ) holds, then fi(9; A, H, Hq) is well defined for a.e. A G M and the SSF is given by 



2tt 



2lT 



n{9;X,H,Ho)d9. 



(iv) The function /i obeys the invariance principle: 



A, H, Ho) = /(A), /{H), f{Ho)). 



(1.13) 



(1.14) 



Combining ( |1.13| ) and ( 1.12 ) and performing the change of variable t = cot (0/2) in the resulting 
integral, we obtain (|1.7D (this can be considered as an alternative proof of ( |1.7D ). Combining ( |1.13 ), 
( pID , (p^ ), we obtain {^J^. 

Note that, taking into account ( 1.11 ), the equality ( 1.13| ) modulo Z is merely the Birman-Krein 
formula (1.5), and the relation (1.14) modulo Z is a trivial consequence of the invariance principle 
for the scattering matrix. It is the choice of an integer constant that matters in the definition of 
The adequate choice of the constant is related to the normalisation condition ( |1.4| ). 

In fact, formula ( 1.11 ) is not used in the proof of ( |1.10| ); we have mentioned it here only in 
order to explain the underlying idea of the proof and the relation between the function /i and the 
scattering matrix. 

6. Let us describe the structure of the paper. In §^, we introduce some notation and explain 
in what sense we understand the sum Hq + G*JG (without assuming that Hq is semibounded 
from below). In ^ we discuss the notion of the spectral flow for unitary operators. In ^ we define 
the function /i. In §|5|, |6|, ^, we prove formulae ( |L12| ), I ^LT^ , (p^ ), respectively. In §||, we prove 
formula ( |1.11| ) and explain the relation of the function /i to the eigenvalue counting functions of 
the operators Hq, H away from their essential spectrum. 

In each section, the statement and discussion of all the results are given first and the proofs 
are postponed till the end of the section. 

7. In different parts of the paper, we use two different points of view on the pair of operators 
Hq, H (in accord with the nature of the question under consideration). The first point of view 
is that the 'basic' operators are the unperturbed operator Hq and the perturbation G*JG; the 
perturbed operator H is defined as the sum H = Hq + G*JG. This point of view is aimed at 
applications. 

According to the second point of view, the operators Hq and H are defined independently one 
of another and have equal roles; in this case we do not use the factorisation of the perturbation 
H-Hq. 



2 Notation and preliminaries 
2.1 Notation 

1. Below 7i, IC are separable Hilbert spaces; / is the identity operator. For a closable linear 
operator T : 7^ — > /C, by DomT we denote its domain and by T — the closure of T. For a 
self-adjoint operator A in a Hilbert space, the symbols cr{A), aess{A), p{A) denote its spectrum, 
essential spectrum and resolvent set and Ea{S) is the spectral projection associated to a Borel 
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set (5 C M. We also denote by ^{A) the H operator associated with A (see |9|): 2(^4) := 
Sa((-oo,0)). 

By 13{Tl, K,) we denote the Banach space of ah bounded operators acting from TL to /C; 
Soo(W,/C) C B{TC,IC) is the space of ah compact operators and &p{TC,IC), p > 1, is the stan- 
dard Schatten-von Neumann class. We write B{TC) := l3{Ti.,TC), 6p{Tl) := 6p{Tl,T-i); the norm 
in the classes B, 6p is denoted by ||-||, \\-\\q^ and the limits — by n-lim, ©p-lim, respectively. 

We shall often use the well-known fact that 

Ae&p, M„Ao =^ ||M„A||e, ^0, pG[l,oo]; (2.1) 

here denotes strong convergence. If, in addition, M* 0, then also HAM^Hgp — > 0. In 
particular, (|2.1D implies that 



An G &p, II A„ - A\\6, ^0, Mn-^M =^ \\MnAn - M A\\e^ ^ 0. (2.2) 

Formulas and statements with double indices (it and =f) should be read as pairs of statements, 
in one of which all the indices take upper values and in another — the lower ones. A constant 
which first appears in formula (i.j) is denoted by Ci,j. We denote C+ = {z G C | Im z > 0}. The 
open ball in a metric space with the centre x and radius r is denoted by B{x\ r). 

2. A pair P, Q of orthogonal projections in Ti is called Fredholm if 

{+l,-l}naes«(P-Q) = 0. 

In particular, if P — Q is compact, then the pair P, Q is Fredholm. The index of a Fredholm pair 
is determined by the formula 

index(P, Q) := dim(Ker(P - Q - I)) - dim(Ker(P - Q + /)). (2.3) 

Clearly, 

index(P,Q) = -index(Q,P). 

If either (P — Q) or {Q — R) is compact and both P, Q and Q, R are Fredholm pairs, then the pair 
P, R is also Fredholm and the following chain rule is valid: 

index(P, R) = index(P, Q) + index(Q, R). (2.4) 

See, e.g., |^ for the details. 
2.2 Operator H{Hq, G, J) 

Let 7^ be a 'basic' and IC an 'auxiliary' Hilbert space. Fix a self-adjoint operator Hq in TL and let 
G : 7i ^ K. and J in IC be such operators that 

Dom(|i7o| + /)^/^ C DomG, G{\Ho\ + ly^^^ e 6oo{n,lC), J = J* £ B{}C), e p{J). 

(2.5) 

Below we define a self-adjoint operator H, which corresponds to the formal sum Hq + G* JG. 
Sometimes we shall explicitly indicate the dependence of H on Hq, G, J by writing H(Hq, G, J). 



The construction below goes back to UW and is discussed in detail in |21, §1.9, 1.10]. 
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For z G p{Hq) define the following operators of the class &ooilC): 

T{z) = T{z- Ho, G) = {G{\Ho\ + /)-V2) I^LL^(g(|Fo| + ly'/'T, 
A{z) =A{z-Ho,G) = ReT{z), B{z) = B{z;Ho,G) = lmT{z). 
It is easy to check (see, e.g., Lemma 1.10.5]) that 

G /)(/ + JT{z)) for all z e C \ M. (2.7) 



Under the assumptions (|2.5D , there exists a unique self-adjoint operator H = H{Hq,G, J) (see 
pl| , §1.9, 1.10]), such that for all z E C \ M its resolvent satisfies the equation 

(^H - zl)-' - {Ho - zl)-' = -{G{Ho - zl)-^y{l + JT{z))-\jG{Ho - zl)-'). (2.8) 
The inverse operator (/ + JT{z))^^ in the r.h.s. of ( |2.8D exists by ( |2.7| ). Note that ( p. 7] ) implies 

£ p{J-^ + T{z)), z£C\R, (2.9) 
and ( |2.8D can be written down as 

{H - zir^ - (Ho - zl)-' = -{G{Ho - ziy'nJ-' + Tiz))-\G{Ho - zl)-^). (2.10) 

If Hq is semibounded from below, then H coincides with the sum Hq + G* JG in the form sense. 
More precisely, if ho[-, ■] is the sesquilinear form of Hq with the domain d[ho]{= Dom(|//o| +1)^^'^), 
then the sesquilinear form h[-, ■] of H is defined on the domain d[h] = d[ho] by the relation 

h[f,g] = ho[f,g] + {JGf,Gg), f,ge d[ho]. 

If the operator G*JG is well defined and -ffo-bounded with a relative bound < 1, then H = 
Hq + G* JG in the sense of the Kato-Rellich theorem. 



Finally, by (2.10), the difference of the resolvents of H and Hq is compact, and therefore the 



essential spectra of Hq and H coincide. 

3 The spectral flow for unitary operators 
3.1 Introduction 

Let A(t), t G [0, 1], be a family of self-adjoint Fredholm operators. If A{t) is continuous in t in 
some appropriate sense, one can define the spectral flow of A, sf{A). A 'naive' definition of the 
spectral flow is the following: 

sf{A) = (the number of eigenvalues of A{t) that cross rightwards) 
— (the number of eigenvalues of A{t) that cross leftwards) 

as t grows monotonically from to 1. The spectral flow was introduced in [l|, §7] as the intersection 
number of the graph U^gjo.i] cr(A(t)) of the spectrum of A{t) with the line A = — e, where e is a 
sufficiently small positive number (one can take e = if both ^(0) and ^(1) are invertible). The 
spectral flow is an important homotopy invariant of the family A{t) — see, e.g., recent treatments 



in ]19] and ]0] and references therein. 
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In this paper, we will need the notion of the spectral flow for unitary, rather than self-adjoint, 
operators. Namely, let us fix a Hilbert space Ti and a parameter p £ [1, oo]. Let Yp = Ypiji) be the 
set of all unitary operators W inTL such that W — I £ &p{Ti.). Clearly, 1^ is a metric space with 
the metric d{Wi, W2) = \\Wi — W2|le , P < 00 and d{Wi,W2) = \\Wi — W2\\, p = 00. Consider a 
mapping U : [0, 1] Yp. We do not suppose that U is continuous; instead, we assume that the 
spectrum a{U{t)) depends continuously on t in a certain precise sense to be defined below. In this 
section we define the spectral flow of the family U{t) through the points z S T \ {1}. A 'naive' 
definition of the spectral flow is the following: 

sf(2;; U) = (the number of eigenvalues of U{t) that cross z anti-clockwise) 
— (the number of eigenvalues of U (i) that cross z clockwise) 

as t grows monotonically from to 1. 

In our subsequent construction, we will have to deal with sf (z; U) as the function of the spectral 
parameter z G T \ {1}. For example, we will have to consider the integral 

Jo 

for the families U : [0,1] Yi. Therefore, the behaviour of sf(e*^;[/) as an element of the 
functional spaces on (0, 27r) (such as Li(0, 27r)) is essential for us. 

Because of this, we find it convenient to give our own definition of the spectral flow (see 
Definition |3.7| below), which is adapted to our specific purposes and consistently takes into account 
the dependence of sf (z; U) on the spectral parameter z. 

In §^]^ we will show that our definition coincides with the naive definition ( |3.lD (whenever 
the latter makes sense) and therefore is consistent with the standard definition of the spectral 
flow. However, in the rest of the paper we do not use this fact and work entirely in terms of our 
definition. 

Note that, in contrast to [|^, our definition does not use the notion of intersection number 
and other 'difficult' topological tools. We only need the notion of covering space (we recall the 
definition and basic properties of the covering spaces in 

For the proofs of the main results of this paper we shall need only the cases p = 1, p = 00. 
Nevertheless, we find it instructive to give a universal treatment of all the cases p £ [1, c>o], since 
this does not require any considerable modification of the proofs. 

3.2 Covering spaces 

For the reader's convenience, we recall the definition of covering spaces and their basic properties. 
The details can be found in any textbook in algebraic topology; see, e.g., [|^, Chapter 5]. 

Let X and X be topological spaces. We suppose that X and X are arcwise connected (i.e., any 
two points can be joint by a path) and locally arcwise connected (i.e., any point has a basic family 
of arcwise connected neighbourhoods). A continuous mapping n : X ^ X is called a covering, if 
every point x £ X has an arcwise connected open neighbourhood U with the following property. 
The restriction of vr onto each arc component V of tt~^{U) is a homeomorphism between V and 
U. 

The important property of covering spaces is that paths and their homotopies can be lifted 
from X to X. More precisely: 
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Proposition 3.1. Let x £ X, x = 7r(x). For any path 7 : [0,1] X with the initial point 
7(0) = X, there exists a unique path (a lift of j) ^ : [0, 1] ^ X such that vr o 7 = 7 and 7(0) = x. 

The idea of the proof is to express the path 7 as a sequence of a finite number of 'short' paths, 
each of which is contained in an elementary neighbourhood, and then Uft each of these paths. For 
the details (and the proof of the uniqueness part), see, e.g., |15, Chapter 5, §3]. 

Proposition 3.2. Let 70, 71 : [0, 1] ^ X be paths in X which have the same initial point: 7o(0) = 
71(0). If IT ojQ is homotopic to vr o then 70 is homotopic to 71; in particular, 7o(l) = 7i(l)- 



The idea of the proof is essentially the same as that of Proposition 3^ . Let F : [0, 1] x [0, 1] ^ X 
be a homotopy between vr o 70 and vr o 7^ : 

F(t,0) =vr(7o(t)), F(t,l) =7r(7i(t)), 

F(0,s) =vr(7o(0)), F(l, s) = vr(7o(l)). 

Then the square [0, 1] x [0, 1] can be subdivided into 'small' rectangles such that F maps each 
rectangle into an elementary neighbourhood. After that, F can be lifted to X locally on each 
rectangle. The result of this lifting gives a homotopy between 70 and 71. For the details, see, e.g., 
flSl , Chapter 5, Lemma 3.3]. 



3.3 The covering VTp : Xp — Xp 

1. First we define the function space Xp which the function sf(-;C/) will belong to. Let X^q 
be the set of all functions / : T \ {1} —>■ Z such that the function (0, 27r) B 9 h-^ /(e*^) is left 
continuous and non- increasing. Clearly, the points z S T\ {1} where / G X^o is discontinuous, 
can accumulate only to 1. For any / G X^o, let us introduce the function I'i-; f) : Z [0, 27r] by 

z.(n; /) := sup({0} U {9 G (0, 2vr) | fie'') > n}). (3.2) 

Clearly, i^(-;/) is non-increasing and lim„_>+oo '^('t-! /) = 0, lim„^_oo i^(f^; /) = 27r. Note that / 
can be recovered from i^(-; /) by the formula 

/(e*^) := inf{n G Z | u{n; f) < 9}. (3.3) 
For p £ [I, 00), let Xp C Xqo be the set of functions / such that 

Y.Hn;f)r + ^{27r-,.{n;f)r<oo. 

n>0 n<0 

For any p £ [I, 00] and any f,g£ Xp, define 

Ppif^a) ■■= \Wi-,f) - fi-,9)\\ip(z)- 

Note that 

Mf,9)= r\f{e'')-g{e'')\d9. 
Jo 

Proposition 3.3. The function pp is a metric on Xp. With respect to this metric, Xp is arcwise 
connected and locally arcwise connected. 
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2. Consider the following equivalence relation on Xp-. 

f^g^3neZ:yzeT\{l}, f{z) = g{z)+n. 

Let Xp be the quotient space Xp/r^, and let tt^ : Xp — ^ Xp be the corresponding projection. For 
f,g& Xp define 

Pp{f,9) = inf{Pp(/,5) I = f,'^p&) = a}- 

Proposition 3.4. The function pp is a metric on Xp. With respect to this metric, Xp is arcwise 
connected and locally arcwise connected. 

Obviously, the mapping tt^ : Xp — ^ Xp is continuous. 

Proposition 3.5. The mapping iTp : Xp Xp is a covering. 

Clearly, an element / G Xp is uniquely determined by specifying the set of discontinuities 
Zn &T \ {1} of an element / G T^p^if) together with the heights m{zn) of the 'jumps' of / at the 
points Zn- Thus, the space Xp can be identified with the set of the spectra of all unitary operators 
W eYp-, under this identification, Zn become eigenvalues with the multiplicities m{zn). 

Notation Let 7 : [0, 1] Xp be any mapping. Then 7 depends on two variables, t G [0, 1] and 
z G T \ {!}. If we need to indicate the dependence of 7 on both variables z and t, we write 7(2;; t). 
If 7 is considered as an element of the function space Xp (for a fixed t), we write 7(t). 

3. It is obvious that the following diagram is commutative for any 1 < g < r < 00: 



Xq ^ X^ 



(3.4) 



Here in^ and inXg-^Xr a^^e the natural embeddings. 
3.4 The mapping r]p : Yp ^ Xp 

1. Below we use the following natural notation for the arcs of the unit circle on the complex plane: 

(e^^i, e^^2) = {e"^ \ 9i < 9 < 62}, 0i < 02, 

with the obvious modifications for [e*^i,e*^2]^ (e'^i,e'^2], [e*^i,e*^2) 
Let W eVp and 61,62 e (0, 27r). Define 



N{e'^\e'^^;W) = < 



' YWi\Ew{\e'^\e'^'')). 6i<92, 
0, 61 = 62, (3.5) 

- rank Ew ( [e^^^ ^ g^^i ) ) , 62 < 61. 



It is easy to see that for any G T \ {1} the function T \ {1} 3 z N{z, Zq; W) G Z belongs 
to the space Xp. 
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Proposition 3.6. Fix zq G T \ {1}. The mapping 

Yp3W^N{;Zo;W)eXp 
is continuous at the 'points' W such that zq £ T \ a{W). 

2. Let us define the mapping r]p: 

Yp3W^rjp{W):=7Tp{N{;Zo;W))£Xp, zo€T\c7iW). (3.6) 

Clearly, this definition does not depend on zq, since the change of zq results in adding an integer 
constant to A^(-, zq; W). By Proposition |3.6| , the mapping r]p is continuous. 

3. Note that the following diagram is commutative for any 1 < q < r < oo: 



Yg > 


Yr 


Vq 






Tfr 




inx — 






X, 





(3.7) 



Here iuXq^Xr and my^^y^ are the natural embeddings. 
3.5 The spectral flow 

1. Now we are ready to define the spectral flow of a family U : [0, 1] Yp. But first we have to 
take into account one complication of a formal nature. In our construction below (see § |4.1| ) we 
have to deal with the families, defined on an open, rather than closed, interval (0, 1). At the same 
time, it appears that the composition rjpoU can be extended by continuity to the endpoints ±1. 
Thus, first we need the notation for such an extension. Suppose that a mapping 7 : (0, 1) — > Xp 
is continuous and the limits limt_+o+ 7(^)> 7(^) exist. Then we write that the extension of 

7 exists and denote by 

ext(7) 

the mapping 7, extended by continuity to the whole interval [0, 1]. 

Definition 3.7. Let U : (0, 1) ^ be such a mapping that the extension 7 := ext(r]poU) exists. 
Let 7 be a lift of 7 into Xp. Then we define 

sf(z;[/) :=7(z;l)-7(z;0). (3.8) 



Definition \3. ?| does not depend on the choice of the lift 7. Indeed, let 71 and 72 be two lifts of 
7. Then the function 72(0) — 71(0) is an integer constant; let us denote this constant by n. By the 
uniqueness of the lift of a path with a fixed initial point, one has 72 (i) = 7i(i) + n and therefore 

72(l)-72(0)=7i(l)-7i(0). 

Definition [g. ?[ does not depend on p in the following sense. Let 1 < q < r < 00 and let 
Ug : (0, 1) — > Yq be such a mapping that the extension 7^ = ext{r]g o Ug) exists. Let jg be the lift 
of 7g and 7g(l) — 7g(0) be the spectral flow of Ug. 

Further, consider the mapping := iny^^y, o Ug : (0, 1) —>■ Yr. It follows from ( ^ ) that the 
extension 7^ = ext{7]r o Ur) exists and 7^ = inx^^Xr ° Iq- Consider the lift 7,. of 7,.. Taking into 
account ( |3.4D , one sees that in ^ o 7^ is also a lift of 7,. . From here it follows that 

- i^Xq^xS^qi^)) = 7r(l) - 7r(0). 
2. Thus defined, the spectral flow is homotopy invariant: 
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Proposition 3.8. Let Ui,U2 '■ (0, 1) ^ Yp be two mappings such that the extensions 71 = ext(?7pO 
Ui) and 72 = ext(r]p o U2) exist and are homotopic (in particular, this implies that 71 (0) = 72(0) 
and 71(1) = 72(1)^. Then 

sf{z-Ui) =sf{z;U2), z£T\{l}. (3.9) 
Proof. A direct application of Proposition |3.2|. ■ 



Note tliat our proof of the invariance principle depends heavily on the homotopy invari- 

ance of the spectral flow. 



3. In this paper we do not explicitly use the fact that Definition 3.7 agrees with the 'naive' 
definition (^]^), whenever the latter makes sense. However, let us give a sketch of proof of this 
fact. Here for the sake of simplicity of notation we assume that our mappings U are already 
defined on the whole of [0, 1] and thus need not be extended. 

First suppose that for a mapping U : [0,1] ^ Yp (such that rjpoJJ \s continuous) there exists 
G T \ {1} such that zq E p(U{t)) for all t G [0, 1]. One easily checks that in this case, according 
to Definition |3.7] , 

sf(z; U) = Niz, zo; U{1)) - N{z, zo; U{0)). 



Clearly, this agrees with (3.1). 

Further, for an arbitrary mapping U : [0,1] ^ Yp (such that r]p o U is continuous), one can 
always find a finite cover of [0, 1] by the intervals n = 1, . . . , N , with the property that for any 
n there exists Zn G T \ {1}, Zn £ p{U{t)) for any t £ 5n- In this case, one can write 

N 

si{z;U) = Y,{N{z,Zn;U{tn))-N{z,Zn;U{tn-i))) (3.10) 



n=l 



for a set of points = t^ < ti < • ■ ■ < tjq = 1, tn £ 5nr\ 5n+i forn = 1, . . . , - 1. Formula ( p^ 
also agrees with (|3.lD. 



3.6 Proof of Propositions — ^ 



1. Proof of Proposition \3.^ 1. Let us prove that pp is a metric. Clearly, Pp{f,g) = Pp{g,f) 



and Pp{f,g) > 0. Suppose that f ^ g; hy (3.3), it follows that i^(-;/) ^ ^{']9) and therefore 
Pp(/,5)/0. 

The triangle inequality for pp is evident. 

2. We shall prove that any ball in Xp is arcwise connected; clearly, this will imply that Xp is 
arcwise connected and locally arcwise connected. 
For every fo,fi £ Xp, let 

Uain) = ai^{n; fi) + {1 - a)iy{n; fo), aG[0, 1], n £ Z. 

The formula ( p.3| ) recovers the family of the functions such that z^(n; fa) = Vain). Clearly, the 
path [0, l]^ a ^ fa £ Xp connects /o and /i; moreover, Pp{fo, fa) < Ppifo-, fi)- Thus, every ball 
in Xp is arcwise connected. ■ 

2. Auxiliary facts 

1. Note that 

Ppif + n, g + n) = Pp{f, g) for any constant n £TL. (3-11) 
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2. Clearly, for any / G Xp one has 

iiif ppif + n,f)= ppif + !,/)> 0. (3.12) 

nGZ\{0} 

3. Let us prove that 

^f,9^Xp 3n G Z : mi pp{f + m,g)=pp{f + n,g). (3.13) 



In other words, the infimum in ( 3.13| ) is always attained 



First let p oo. Then, clearly, 



, lim Ppif + m,g) = oo. 



which proves ( 3.13 ). Next, let p = oo. Then 

lim pooif + m,g) = 2it, 



whereas Pooif + m,g) < 27r for any m. This proves (3.13) for p = oo. 

3. Proof of Proposition \3.4 1- Let us prove that pp is a metric. Clearly, pp{f, g) = Pp{g, f) and 
Pp{f,g) > 0. Suppose that Pp{f,g) = 0; let us check that f = g. Fix /G 7r-^(/), g G TTp^ig). By 
( |3.13D , the relation Pp{f,g) = implies that Pp{f + n,g) = for some n G Z and thus f + n = g 
and therefore f = g. 

The triangle inequality for pp follows directly from the triangle inequality for pp. 

2. Obviously, 7rp(Xp) = Xp. Since Xp is arcwise connected, it follows that Xp is also arcwise 
connected. 

3. Let us prove that Xp is locally arcwise connected. To this end, we prove that every ball in 
Xp is arcwise connected. Fix / G Xp, f G '/r~^(/) and r > and consider the open ball B{f;r) 
with the centre / and radius r. Below we prove that Tip maps the ball B{f; r) onto B{f; r). Since 
B{f; r) is arcwise connected (see the proof of Proposition |3.3| ), this will imply that B(f; r) is also 
arcwise connected. 

The inclusion Trp{B{f;r)) C B{f;r) is evident. Let us prove that B{f;r) C TTp{B{f;r)). 
If 5( G B{f;r) and g G 7Tp^{g), then infmezPpif + n^,g) < which, by ( 3.13|) , implies that 



Ppif + m, g) < r for some m £ Z. Thus, Pp{f,g — m) < r and therefore g — m & B{f;r) and 
9 = T^pig -m) £ TTp{B{f;r)). M 

4. Proof of Proposition Fix / G Xp, f G vr~^(/) and e < pp{f + l,/)/3. Let us 

prove that the ball B{f;e) is an elementary neighbourhood. We shall prove that iTp^{B(f;e)) = 

Un£zB{f + n;e), where the balls B{f + n;e) are mutually jiisjoint, arcwise connected and the 
restriction vTp | B{f + n; e) is a homeomorphism between B{f + n; e) and B(f; e). 

Let us first check thjit thejjalls B{f + Ti;e) are mutually_disjoint. Indeed, let g G B{f + n; e) n 
B{f + m; e). Then Pp(/ + n, / + m) < /3p(/ + n,^) + Pp(5f, f + m) < 2e. By ( p. 12 ) and the choice 
of e, the last inequality implies m = n. 



In the course of the proof of Proposition 3.4, we have checked that TTp{B{f + n;e)) = B{f\e) 



for any n G Z. The same reasoning also shows that vr^ ^{B{f; e)) = Un£zB{f + n; e). 
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Let us prove that the restriction vr^ | B{f + n;e) is injective. Let TTp{g) = -Kp{h) for g,h G 
B{f + n; e). Then g = h + m for some m G Z. Using (3.11), one has: 



g G B{f + n;e) 



Pp{f + n,g)<e pp{f + n - m,h) < e 

m = =^ g = h. 



h G B{ f + n — m; e) 



4. Finally, let us check that (vr^ | B{f+n; s))~^ is continuous. Let g,h B{f+n; e), g = iTpijj), 
h = irp{h). Below we show that if Pp{g,h) < e, then pp{g,h) = pp{g,h). Indeed, by ( |3.13| ), one 
has Pp{g, h) = Pp{g + m, h) for some m G Z. Let us show that m = 0. Using ( p. 11 ), one has 



Pp{f + m,f)= ppif + n + m,f + n)< pp{f + n + m, g + m) + pp{g + m, h) 
+ Pp{h, f + n) < 3e, 



which, by ( 3.12| ) and the choice of e, implies m = 0. 



5. The proof of Proposition |3.6| is based on the following 

Lemma 3.9. For any e G (0, 27r) there exists C|^(e) > such that for any zq G T \ {1} and any 
operators Wi, W2 G Yp with the property 

[zoe~'',zoe'']na{Wj) = il}, i = l,2, 

the following estimate holds: 

Pp{N{; zo; Wi),N{; zo; W2)) < C|T](e) \\Wi - T^slle, • (3-14) 

1. Let us first prove the following auxiliary statement. For an operator A = A* G Sp, let 
{Ai^^(A)}„gp^ be the sequence of its non-negative eigenvalues listed in decreasing order counting 
multiplicities, and let xI^\A) := xl^\-A). Denote Zq = Z \ {0}. Let A{A) G /p(Zo) be the 
sequence 

A (A^S >^n\A), n>0- 
^"l A«(^), n<0. 
Let us prove that for any self-adjoint operators Ai,A2 G Sp, 

||A(^i) - A(A2)|b^(Zo) < Pi - A2\\e^. (3.15) 

For p = 00, the above relation follows directly from the variational characterisation of the eigen- 
values. The general case is a consequence of a slight modification of Lidski's theorem [0] (see 
also ||To| , Chapter 2, §6.5]). First note that it is sufficient to prove ( p. 15 ) for finite rank operators 
Ai, A2. In the finite rank case, Lidski's theorem says that 

Xn{Ai) - Xn{A2) = J2 ^nmXm{Ai - A2), (3.16) 
m 

where {Xn{A)} is the sequence of all (positive and negative) eigenvalues of A, listed in the order 
of decreasing of the absolute value | A„ (^4) | , and anm is a matrix satisfying 

knml < 1, ^ knml < 1- (3.17) 
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The relations ( pTj) imply (cf. |To|) that 

^ |A„(^l) - \n{A2)\P < |An(^l - A2W = Pi - A2\\%^, p G [1, Oo), 

n n 

which differs from the desired inequality ( ^.151) only by the method of numbering the eigenvalues. 
Following the proof of Lidski's theorem, it is not difficult to see that it holds also in the case when 
the positive and negative eigenvalues are numbered separately; more precisely, one has 



Xt\A,) - aW(A2) = J^ctWa^C^i - A,), 



E 



^ nm 



+ 



nm — ' / y I 



(±) 
nm 



< 1. 



(3.18) 



In the same way as above, ( |3.18| ) implies ( 3.15 ). 

2. Below we will need the following fact. For any (p £ C°°(T) and any two unitary operators 
Wi, Wi such that VFi — W2 S 6p, one has 



(3.19) 



In order to prove ( 3.19 ) (see, e.g., §5.4] for the details and discussion), one first writes a 
representation 

^(z) = 'Y CnZ'^ , \n\\Cn\ < 00, 

which is valid for all smooth enough Next, it is easy to check that 

\\W^-W^\\e,<n\\Wi-W2\\6,- 

Therefore, ( |3.19| ) holds with 6 |3.i^ (y) = J2n£Z I'^llcnl- 

3. Now we are ready to prove the estimate ([3.141) . Let ips G C°°{T) be such a function that 
V9e(e*^) = 9 for all 9 G [— 27r + e, —e]. Denote (/^^^^^(z) := ips{z/zo) + argzo, where argzo G (0, 2it). 
It is straightforward to see that for j = 1,2 and n = 1,2,..., one has 

u{n-l;N{;Zo;W,)) = Xi+\^e,zo{Wj)), u{-n; N{; zo;Wj)) = 27t - X(-\>f,^,,{W,)), 
and therefore 

Pp(7V(-,zo;T^i),iV(-,^o;W^2)) = ||A(<^,,,„(T^i))-A((^e,,„(T^2))||/,(Zo)- (3.20) 
The relations ( |3.20| ), ( p. IS] ) and ( p.l9D together imply ( |3.14| ) with the constant 



11(e) = sup Crii|(v3e, 
^oeT\{i} ' 



ZOJ- 



Proof of Proposition 3.t Fix Wq such that zq G T \ aiWo) and e > such that [zqc zqc^^] n 
ct(Wo) = 0. Then for any W eYp such that \\W - Wq\\ < e/2, one has [zoe-''/"^, zoe''/'^]na{W) = 
0. Thus, we can apply Lemma |3.9|, which yields 



PpiNi-, zo; W), Ni-, zo;Wo)) < CrUie/l) \\W-Wo\ 



Clearly, this implies the continuity of the mapping in hand at the 'point' Wq 
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3.7 Lemma on convergence in Xp 



In the proof of Theorem 7.1 below we shah need the following 



Lemma 3.10. Let Wn and be sequences of operators in Yp such that lim„^oo \\Wn — W^\\q = 
0. Then the limit yip-lim^^^ r]p{Wn) exists if and only if the limit Xp-lim^^^ rjpiW^) exists. If 
these limits exist, they coincide. 

Proof 1. For any / G Xqo, let us introduce the notation 

a{f) := {exp(Mn; /)) | n e Z} U {1}, f e ir^^f) 

(recall that z/(n; /) is defined by (^)). Clearly, this definition does not depend on the choice of 
an element / G T^^if)- It is also clear that in this notation, 

(t{W) = a{r^oo{W)), W&Y^. 

2. Suppose that the limit / := Xp-lim^_^^ ?7p(VFn) exists. Below we prove that the limit 
Xp-lim^^^ ?7p(VF^) also exists and is equal to /. Fix zq £ IT \ cr(/) and e > such that 
[zoe~*^, zqc*^] n cr(/) =0. If n is large enough so that Poo{f, r]oo{Wn)) < e/3, we get 

[^oe-*2^/^ zoe'^'/'] n a{r^^{Wn)) = 0. 

Further, if n is large enough so that PooifiVooiWn)) < e/3 and \\Wn — W^\\ < e/3, we get 

[zoe-''/^zoe''/^]na{7i^{W:,))=t 

For such n we can apply Lemma which yields 

Pp{VpiWn),Vp{W;,)) < C|T](e/3) \\Wn - <||e^ ^0 as n ^ oo. 

Thus, liuin^oo PpillpiWn), f) = 0. ■ 

4 The function /i: definition 
4.1 Definition 

Let Hq and H be self-adjoint operators in a Hilbert space TC. For any z S p{Ho) H p{H) define a 
unitary operator in Ti by 

M{z- H, Ho) := hZI^IhI-'Ji = + " ^)(^ " ^^)"')(^ + " ^)(^0 - zl)-'). (4.1) 
Next, in what follows we fix p G [1, oo]. We introduce 
Assumption 4.1. (i) For any z G p{Hq) f] p{H) one has 

{H - zl)~^ - {Ho - zl)-^ G 6p. (4.2) 

(a) For any A G M one has 

hm y\\{H -{X + iy)iy^ -{Ho-{X + iy)I)-^\ =0. (4.3) 
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By the identity 



Miz) -I=(z-z)((H- zl)-' - {Ho - (4.4) 
the inclusion ( [4 .21 ) is equivalent to 

M{z;H,Ho)-I eSpin), (4.5) 
and the relation (^]^) is equivalent to 

lim \\M{X + iy;H,Ho)-I\\Q =0. (4.6) 

y— ++00 P 

Proposition 4.2. (i) If ( |4.2| ) holds for one value of z, then it holds for all z G p{Ho) H p{H). 
(a) If ( |4.3| ) holds for one value of A, then it holds for all A G M. 
(Hi) Assumption \i.i[ (i) implies that the mapping 

C \ M 9 z ^ M{z; H, Hq) - I e &p{n) 

is continuous. 

Further, we need one more assumption. Recall that the class Xp and the mapping r/p have 



been defined in §3.3, 3.4. Fix A G 



Assumption 4.3. The limit 



Xp-\im7]p{M{X + iy;H,Ho)) (4.7) 



exists. 

Under the Assumptions [4.1| and consider the mapping 

U ■.{0,l)3t^ M(A + i{l - t)t'^;H, Hq) G Yp. (4.8) 



Clearly, the mapping U satisfies the hypothesis of Definition |3.7| and therefore si{z;U) is well 
defined. 

Definition 4.4. Suppose that for a pair of selfadjoint operators Hq^ H and for A G M, the 



Assumptions iA, hold true. Let U be the mapping (|4.q ); then we define 

p{e]X,H,Ho) ■.= si{e'^]U), eG(0,2^). (4.9) 

4.2 Sufficient conditions 

Let Tihea, 'basic' and fC an 'auxiliary' Hilbert spaces and let operators Hq^ G, J, H = H{Hq, G, J) 



be as described in §2.2. Below we give sufficient conditions (in terms of Hq, G, J), which ensure 



that the Assumptions iA and [4.3| hold true for the pair Hq, H. In addition to ( |2.5D , assume that 

G{\Ho\+I)''/^ e&2p{n,IC) (4.10) 

for some p G [1, oo]. 
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Proposition 4.5. Assume (|2.5D, ( 4.1C| ) . Then, for the pair of operators Hq, H, Assumption 
holds true. 



4.1 



Proposition 4.6. Assume (p.5|), ( 4.10 ) and define the operators . Suppose that for some 
A G M 

(i) the limit s-limy^Q^{J^^ + T{X + iy))^^ exists; 

(ii) the limit Sp-lim^^^Q^ B{X + iy) =: B{\ + i{)) exists. 

Then, for the pair Hq, H , Assumption |^.^ holds at the point A. 



Proposition 4.7. Assume ( p.5D , ( [4.10 ) anc? suppose that for an open interval 5 C M one has 



Then for a.e. A G 5 
(i) the limits 



GEHo{s)Ge2{n,fC). (4.11) 



6q-limT(A + iy), ©p-lim5(A + iy) (4.12) 



exist, where q = p if p > 1 and q is any number greater than 1, if p = 1; 
(ii) one has E p{J-^ + r(A + iO)). 

Thus, the hypotheses (i), (ii) of Proposition [^.^ hold true and the pair Hq, H satisfies As- 
sumption 1^. j|. 



4.3 Operator S{z) 



In order to prove Propositions 4.5-4.7, below we introduce an auxiliary operator S{z). Let 7i be 



a 'basic' and /C an 'auxiliary' Hilbert spaces. Let the operators Hq, G, J be as described in §2.2 



assume (|2.5| ) and ( 4.10 ) for some p S [1, 00] and let H = H{Hq, G, J). For any 2: S C \ M define 



S{z) = S{z; Hq, G, J):= I- 2iB'^/'^{z){J-^ + T{z))-^ B^l^{z). (4.13) 

The inverse operator in the r.h.s. of (|4.13| ) exists by (|2.9| ). A straightforward calculation shows 
that S[z) is unitary in /C. Clearly, S[z) — I ^ &p. The operator S{z) can also be presented as 

S{z) = 1- 2iB'^/\z){I + JT{z))-'^JB^I^{z) = 
= 1- 2iB^/\z)J{I + T{z)J)-^B^/\z). 

The definition of the operator S{z) copies the stationary representation for the scattering matrix 
(see ( |8.lD ). For this reason, the operators of this type are well studied (see, e.g., |6| and references 
therein) . 

Lemma 4.8. Assume dU) and (p^ ) . Then the mapping 

C\R3 z^ S{z) -I eSpiJC) (4.14) 

is continuous and 

l|5'(^) -/||sp ^ as Imz ^ +CX). (4.15) 
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Proof 

1. Let us first check that 



the mapping p{Hq) ^ z ^ T{z) G Sp is continuous 



and 



ll^(-2)||Sp ^ aslmz^+oo. 
In order to do this, observe that the mapping 

|i^o|+/ 



is continuous (in the operator norm) and 

\Hq\+I ^ 
Hn-zl~' 



Hn-Zl 



as Imz — > +00. 



(4.16) 
(4.17) 

(4.18) 
(4.19) 



Now recall the definition ( ^.6| ) of T{z). By ( |2.lD , the relation ( 4. 161) follows from ( [4.10| ) and 
continuity of (p^ ). Similarly, (gl^onows from ( |4lo|) and (|1|). 
2. Clearly, the relations ( 4.16| ) and (^.9|) imply that 

the mapping C\RB z^^ {J~^ + T{z))~^ G B{n) is continuous. (4.20) 



3. B y (|2.2| ), the relations ( [4. 161 ) and ( [4.20| ) imply the continuity of the mapping ( [4.14| ). The 
relation ( [4.17]) implies ( [4.15| ). ■ 



Theorem 4.9. Assume ( |2.5| ) and let H = H{H(),G, J). For any z G C \ M the operator 
M{z; H, Hq) — I is compact and 



r?oo(M(z; H, Ho)) = 7]^{S{z; Hq, G, J)). 
Proof I. By ( [4^ and ( |2.10D , one has 



(4.21) 



M{z) = I-{z- z){G{Ho - zl)-^)* 

X (J-i + T{z))~\G{Ho - zl)-'){l -{z- z)iHo - zl)-'). (4.22) 

It follows that M{z) - / G 600- 

2. For R > 0, denote p(^) = Eho{{-R,R)), G^^^ = GP'^^\ H^^^ = HqP^^\ Note that 

G(^) G eoo(W,/C) and H^Q^^ G B[7{). Further, let = i/J^^ + (G^-^))* JG(^)(g i3(7t:)). By 
dOP, the relation P(^) = (p(^))* A / implies that 



||G(^)(|i?o| + - Gdi^ol + /)^'/'|| ^ as i? ^ +00, 



and thus 



r(z; H^^^ , G(^) ) - T{z- Hq,G)\\^Q as R^ +00. 



By the definition (|1|) of S'(z) it follows that 

\\S[z- H^Q^^ , G(^) , J) - 5(z; i/o, G, J) II ^ as E ^ +00 
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and by (|]2|) it follows that 

\\M{z; , H^^'^) - M{z- H, Ho)\\ as R ^ +00. 

Therefore, since the mapping r/00 : Yoq X^o is continuous, it is sufficient to prove that 

7?oo(M(z;i/(^),i/f)) = 7?oo(5(z;i/f\G(^), J)) (4.23) 

for any R > 0. For the sake of brevity, below we suppress the index R in the notation and suppose 
that Ho e Bin) and G G 6oo(W,/C). We also denote V := G*JG. 

3. Recall that for any two bounded operators A, B and any A 7^ one has 



dimKer(A5 - A/) = dimKer(Sy4 - A/). 
By ( [4.24 ), for any A 7^ 1, one has 

dimKer(M(z) - A/) = diniKer ( ^ ~ ^! ^° ~ ^{ - AI 



(4.24) 



H -zl Hq-zI 
dimKer {{H - zI){Hq - ziy^{{H - zI){Hq - ziy^)-^ - \l) 
dimKer ((/ + V{Hq - ziy^){I + V{Ho - ziy^y^ - A/) 
dimKer (/ - 2iyim {{Hq - ziy^){I + V{Hq - ziy^y^ - A/) 
dimKer (/ - 2iGIm {{Hq - ziy^){I + V{Hq - ziy^y^G*J - XI) 



A direct computation shows that 

(/ + v{Ho - ziy^y^G*,] = G*{,r^ + T{z)y^. 

Thus, 

dimKer {M{z) - XI) = dimKer (/ - 2iGIm {{Hq - zI)-^)G* {.r^ + T{z))-^ - Xl) 
= dimKer (/ - 2iB{z){.r^ + T{z))-'^ - XI) 

= dimKer [l - 2iB^/'^{z){J-^ + T{z))-^ B^/'^{z) - a/ 

= dimKer (5(z) - A/), 

which implies ( [4.21| ). ■ 



4.4 Proofs of Propositions [4.2| , |4.5| - |4.7| 

Proof of Proposition \4.^ (i) follows from the identity 



{H - zl)~' - {Ho - zl)-^ 



H-zqI 
H -zl 



{{H - zqI)-^ - {Ho - zoiy 



' Ho-zl' 



(4.25) 



(ii) Suppose that ( ^ ) holds for A = Aq- In ( [4.25 ), take z = X + iy, zo = Xo + iy- Now the 
desired assertion follows from the fact that 



sup 

y>l 



H-{Xo + iy)I 



H-{X + iyy 



< 00, sup 

y>l 



Ho - (Ao + iy)I 



Ho-{X + iy)I 



< 00. 
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(iii) Let us use ( 4.22| ) and check that the r.h.s. of this identity depends continuously on z in 
the 6p norm. Similarly to the proof of Lemma 4^ , factorising 



-l/2i 



and using (2^), we check that the operator G{Hq — zl)~^ depends continuously on z in ©2^ 
norm. Taking into account ( [4. 20] ) and the fact that the operator (I — {z — z)(Hq — zI)~^) depends 
continuously on z in the operator norm, we get the desired assertion. ■ 

Proof of Proposition ^ Let us use (|2.1C1| ). Since {J~''^+T{z))~^ is bounded and G{Hq — zl)^^ G 



&2pi we get the inclusion (4.2). The relation ( [4. 3D is equivalent to ( [4.61 ); the latter follows from 
Theorem and (|4.15D . ■ 

Proof of Proposition 4-6 By Theorem it is sufficient to prove that the limit 

6p-lim{S{X + iy;Ho,G,J)-r) 

exists. By ( ^.2D , the existence of the above limit follows directly from the definition of operator S 
and the hypothesis of the proposition. ■ 



Proof of Proposition JjJj_ 
1. For any b' C ffi, denote 



Ti,{z)=T{z-R^,GEHS')). 



Denoting A = M \ 5, we see that 

T{z)=T^{z)^Ti^{z). 

It is one of the classical results of the trace class scattering theory (see |^ |l^ ) that the inclusion 
(4.11) implies that for a.e. A G M the limit T^{\ + zO) exists in Sr(/C) (for any r > 1) and the 
limit \m\y^Qj^\YCLTi(\ + iy) exists in ©i(/C). On the other hand, the function Ti^{z) G Sp(/C) is 
analytic in C \ A and ImTA(A) = for all A £ (5. Thus, for a.e. A G (5 the limits ( [4.12| ) exist. 

2. It remains to check that the limit n-limj^^o+(>^~^ + P{}^ + %))~^ exists for a.e. A G (5. In 
order to do this, write 

(J-i + r(z))-i = (J-i + Tt.{z))-\1 + F[z))-\ F{z) = Ts{z){J-' + Ta{z))-\ 

Let us check that for a.e. A G M the limits 

and 



n-lim(J-i + rA(A + iy))-i 



exist. 

3. By the Fredholm analytic alternative, the set 



n-lim(/ + F{\ + iy)y 



(4.26) 



U = {XeS\oe a{J-^ + rA(A))} 

is discrete in 5 (i.e., the points of M can possibly accumulate only to the endpoints of the interval 
6). Thus, the limit n-limy^o+('^ ""^ + 7a(A + iy))~^ exists for all A G (5 \ M . 

4. The function F{z) G Si(/C) is analytic in C+ and for a.e. A G 5 has limit values F{\ + 
iO) in 6q{IC) (for any q > 1). Thus, using Theorem 1.8.5 from |21], we obtain that the limit 
n-limy_>o+(/ + F{X + iy))~^ exists for a.e. A G (5. ■ 
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5 Formula for /i 

5.1 Statement of the result 

Let the operators Hq, G, J be as described in § p.2| , assume ( ^^ ) and let H = H{Hq, G, J). Recall 
that for a self-adjoint operator A, we denote := E'^((— cxd, 0)). 

Theorem 5.1. Suppose that, for some A G M, the limit n-limj^^o+ ^(-^ + i^) exists and G 
p{J-^ + r(A + iO)). Then for all 9 e (0, 27r) the pair of projections H(J-i), E{J~^ + A{X + iO) + 
cot(6'/2)5(A + iO)) is Fredholm and 

^{6; A, H, Ho) = index(H( J"^), H( J^^ + ^(A + iO) + cot{9/2)B{X + iO))) . (5.1) 

If J = zbJ, then ( ^.1| ) takes the form 



fi{9;X,H,Ho) — -rank£'^(^_,_jQ)+cot{e/2)B(A+iO)((-oO; -1))) J — I, 

fi{9;X,H,Ho) = rank£'^(;\+jo)+cot(0/2)B(A+io)([l> oo)); = --f- 

Note that, in particular, this implies the following monotonicity rule for the function /i: 

±J>0 :ffi{9;X,H,Ho)>0. 

Related statements are well known in the spectral analysis of the scattering matrix — see and 
references therein. 

The relation ( |5.lD also implies the following estimates for fi: 

±n{9;X,H,Ho) < rankH(±J). 

In particular, if the perturbation G*JG has rank n < oo, then the absolute value of fi does not 
exceed n. 

5.2 The spectrum of S{z) 

Consider the following operators A, B, J: 



A = A* e eoo{}C), < G eoo(/C), J = J*eB{JC), 
OGp(J), £ p{J~^ + A + iB). 



(5.2) 



Under these assumptions, define a unitary operator in /C by 

S = I- 2iS^/2(j-i ^ ^ ^ iB)-^B^/^. (5.3) 
The proof of is based on the following simple characterisation of the spectrum of S. 
Lemma 5.2. Assume ( |5.2| ) and let S be defined by (5.3). Then for any 9 G (0,27r) one has 



dimKer(S - e'^I) = dimKer(J-^ +A + cot{9/2)B). (5.4) 
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Proof One has (using ( f4.24D ): 

dimKer(S' - e'^I) = dimKer(/ - 2iB{J-^ +A + iB)-^ - e'^I) 

= dimKer((J-^ +A- iB){J-^ + A + iB)-^ - e'^I) 
= dimKer(J-^ + A-iB- e'\.r^ +A + iB)) 
= dimKer(J"^ + A + cot(6l/2)S). ■ 

We shall need the following auxiliary statement, which is a very slight modification of one of 
the results of Q. 

Lemma 5.3. Let M = M* £ B{1C), < B £ Soo(/C) and e p{M + tB) for some r £ M. Then 
H(M), H(M + B) is a Fredholm pair of projections and 

index(H(M),H(M + B)) = ^ dimKer(M + sS). (5.5) 

sG(0,l] 

Proof 1. In m, Corollary 4.8], the desired assertion has been proven under the additional 
assumption B £ (5i(/C). Below we show that this assumption can be lifted. 

2. First note that the condition S p{M + tB) implies that aess{M). Further, it is easy 
to see that 

E{M)-E{M + B) G 6oo(/C). 

This can be proven by representing the above projections by Riesz integrals and using the resolvent 
identity (cf. Lemmas 3.5, 3.8]). The above inclusion implies that S(M), H(M+i?) is a Fredholm 
pair. 

3. First assume that G p{M) and G p{M + B). Let < S„ G 6i(/C), ||S„ - -B|| ^ as 
n — > oo. For all large enough n we will have G p{M + rBn). By Corollary 4.8], for such n 
one has 

index(H(M),H(M + 5„)) = ^ dimKer(M + sS„). (5.6) 

se(o,i] 



Our aim is to pass to the limit in ( |5.6|) . 

4. By [^, Theorem 3.12], the l.h.s. of ( |5.6D tends to the l.h.s. of ( |5.5| ) as n ^ oo. Further, by 
the Birman-Schwinger principle in a gap (see, e.g., |^]), one has 

dimKer(M + sB) = rank£'gi/2j\/_i^i/2((— oo, —1]). 

se(o,i] 

Since WB^"^ M'^ bI^"^ - B^I'^M-^B^/^\\ 0, we see that the r.h.s of (IJ) tends to the r.h.s. of 

dH). 

5. In order to get rid of the assumptions G p{M), G p{M + B), we observe that for all 
smaU enough e > one has G p{M + eB), G p{M + B + sB) and thus 

mdex{E{M + eB),E{M + B + eB)) = ^ dimKer(M + s5). 

sG(e,l+e] 



Taking e —>■ 0+ in the above formula, we get (|5.5|) . 
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Lemma 5.4. Assume ( |5.2D and let S be defined by ( |5.3| ). Then for the function N{-,-;S), defined 
by ( |3.5D , one /las /or any 01,^2 £ (0,27r); 



N{e'^\e'^^;S) = index{E{J~^ + A + cot{e2/2)B),E{J-^ + A + cot{ei/2)B)) 

= mdex(H( J-i), H( + A + cot(9i/2)B)) (5.7) 
+ index(H(J-i + A + cot(02/2)B), H( J-^)) ; 

a// t/ie three pairs of projections in the r.h.s. are Fredholm. 

Proof 1. First of all we note that 

H(J-i + A + cot(0j/2)5) - H(J-i) G 6oo(/C), J = 1,2. (5.8) 

As in the previous lemma, this can be proven by representing 'E{J^^ + A + coi{9j /2)B) and H(J^^) 
by the Riesz integrals and using the resolvent identity (cf. [P, Lemmas 3.5, 3.8]). The inclusion 
( |5.8| ) implies that all the three pairs of projections in the r.h.s. of ( ^.7D are Fredholm. 



2. It is sufficient to prove (5/7) for 9i < 62- Indeed, the case 61 > 62 follows from the above 
mentioned one by changing the roles of 61 and 62', for 61 = 62 the relation ( [5.7D trivially holds. 
In the case 9i < 02, using Lemmas [5^ and |5.3|, one has: 



rank Es{[e'^\ e'^^)) = ^ dimKer(S - e*^/) = ^ dimKer(J-i + A + cot(0/2)5) 
e€iei,e2) 9ei9i,e2) 

= ^ dim Ker( J"^ + A + tB) 

eG{cot{e2/2),cot{ei/2)] 

= index(H( + A + cot{92/2)B),E{J-^ + A + cot(0i/2)B)). 



Note that Lemma |5.3| is applicable, since, by the analytic Fredholm alternative, the assumption 
G p(J"^ +A + iB) (see (^) imphes that e /9(J"^ + A + tB) for ah r G M but for a discrete 
set of points. 



3. Thus, we have proven the first equality in (5.7). The second one follows by the chain rule 



|2.4|). Note that the inclusion (|5.8|) ensures the applicability of the chain rule. 



5.3 Proof of Theorem 5.1 



1. First we need a simple result which shows that the r.h.s. of (5.1) depends continuously on 
A{X + iO) and B{X + iO). This statement is closely related to |17, Lemma 2.5] and ^ Theorem 
3.12]. 



Lemma 5.5. Assume (|5.2D and let, in addition, B G &p, p £ [l,oo]. Let A^ = A'^ £ &oo{IC), 
< Bk £ &p{IC), Jk = Jl £ B{1C), k £'N be such operators that £ p{Jk), £ p{J^^ + Ak + iBk), 
limfc_^oo ll^j ~ ^11 = 0; hm,fc^oo ll^fc ~ =0, Ivaik^ao \\Jj ~ J\\ = 0. Define the functions 



/ : T \ {1} 9 e^^ ^ f{e'^) = index(H( J^^), H( J"^ + A + cot{e/2)B)) £ Z, 
fk:T\{l}3 e'' ^ fk{e'') = index(H( J'^), H( J-^ + ^fc + cot{9/2)Bu)) £ Z. 

Then f, fk £ Xp and 

Ppifk, /) ^ as k ^ 00. (5.9) 
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Proof 1. Define the operator S by ( |5.3| ) and let 

Sk = I- 2iBl'^{J^^ +Ak + iBk)-'Bl^\ 

As in Proposition f4.6| , we see that ||S'/fc — ^Hg^ ^ as k ^ oo. 
Fix 9o G (0,27r) such that e*^" G p(S'). By Proposition U 



2. By Lemma 5.4, 



Pp{N{-,e'^°;Sk),N{-,e''^°;S)) ^0 as A; ^ oo. (5.10) 
7V(e^^e^^«;5) = /(e^^) + C(eo), 



with 



C{eo) = index(H(J^i + ^ + cot(^o/2)S), H( J-^)), 
Ck{9o) = index(H(J-i + + cot(^o/2)Bfc), H( J-^)). 

Since e*^o G p(S'), by Lemma U one has G p{J-^ +A + cot((9o/2)5). By §, Theorem 3.12], 
it follows that limjt_^oo C'fc(^o) = C{6o). Since Ck{9o) and C(0o) are integer valued, one has 
Cfc(6'o) = C{6q) for all large enough k. Thus, by ( |3.1lD , the relation ( |5.10| ) implies 
2. Proof of Theorem 5.1 1. First of all, we note that for all 9 G (0, 27r) 

H(J-i) - H(J-i + ^(A + iO) + cot{9/2)B{\ + iO)) G 6oo(/C) 



(cf. ( [5.8[ )) and thus the pair of projections in the r.h.s. of ( |5.1| ) is Fredholm. 

2. Let U be the mapping ( [4.8D (for p = cxd) and 7 = ext(7/oo ° U) (remind that r/00 has been 
introduced in § |3.4| , and ext — in § |3.5D . Below we explicitly construct the lift of 7. Let us define 
the mapping 7 : [0, 1] — > Xqo by 

7(e*';0) = 0; 

7(e^^ t) = index(H( J-^), H( J"^ + ^(z) + coi{9 /2)B{z))) , z = A + i(l - t G (0, 1); 

7(e*^ 1) = index(H(J'^), H(J-^ + ^(A + iO) + coi{9/2)B{\ + iO))) . 

Below we show that: 

(i) 7 is continuous; 

(ii) TToo o 7 = 7. 



The statements (i), (ii) mean that 7 is the lift of 7 with 7(0) = 0. Since the r.h.s. of (5.1) 
coincides with 7(e*^; 1), this implies the statement of the theorem. 

3. By Lemma |5.5| , the continuity of 7 for t G (0, 1) follows from the norm continuity of A{z), 
B{z) (see ( 4.16D ) in z. Similarly, the continuity of 7 at t = follows from ( 4.17] ) and the continuity 
at t = 1 is evident. 

The relation tToo 07 = 7 follows from Theorem 4.£ and Lemma 5.4. ■ 
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6 The function fi and the perturbation determinant 

6.1 Statement of the result 

Let the operators Hq, G, J be as described in § |2.2| . Assume (p. 5]) and ( [4.10 ) with p = 1 and let 



H = H{Hq,G, J). As in |21, §8.1.4], we introduce the 'modified perturbation determinant' 

DH/Hoi^)=det{I + JT{z)), zGp{Ho). (6.1) 

If the operator V = G*JG is well defined and V{Hq — zl)"^ G Si('H), then Djj/Ho{^) coincides 
with the usual perturbation determinant A.uifj^^[z). By ( [4.16| ), the determinant Djj/jjg{z) is 
continuous in z £ p{Hq) (it is, of course, even analytic in z, but we do not use this fact). By 
( |4.17 ) with p = l-i one has D^i^^{z) ^ as Imz +oo. Let us fix the branch of avgD^/jj^{z) 

by 



arg Djj/ffg{z) ^ as Imz ^ +oo. 



•2) 



By Propositions B^, 4.7, for p = 1 and a.e. A G M, the Assumptions 4.1 and [4.3| hold true. 



Therefore, for a.e. A G M the function ^(•; A, H, Hq) is well defined and belongs to Li{0, 2tt). 

Theorem 6.1. Assume ( |2.5| ) and (4.10) with p = 1, define the function D^j^^j^^ by (6.1) and fix 

the branch of argDjj/fj^ by ( |6.2| ) . Then for a.e. A G M the limit limy^Q-^-aigDjj/jj^j{X + iy) exists 
and 



lim aigDii/H {X + iy) 

y->0+ 



2n 



p{e;X,H,Ho)de 



dt 



l + t' 



■ index (H(J-i + ^(A + iO) + tB{X + iO)), H(J-i)) . 



(6.3) 



Remark. A similar reasoning shows that under the hypothesis of Theorem 3.1 

dt 



arg Dh/Ho (z) 



index {E{.J-^ + A{z) + tB{z)), E{J-^)) , z £ 



-oo l + i' 

This formula might be of an independent interest, although we do not need it in this paper. 



Recalling the Krein's formula (|1.3D , (1.4) for the SSF, we see that for G G &2{'H,IC), the 
first equation i n (|6.3D implies ( 1.13| ). The second equation (in the case = I) leads us to the 
representation ( |1.7D , which was originally obtained in 



6.2 Proof of Theorem |6.1 

1. First let us prove that 



detM{z-H,Ho) = Dh/h,{z)/Dh/h,{z)^ ^ e C+. 



One has: 



(6.4) 



DuiH,{AlDuiH,{z) = det ((I + JT{z)){l + JT(z))-i) 

= det ((/ + JT{z) - 2iJBiz)){I + JT{z))-'^) 
= det (/ - 2iJB{z){I + .JT{z))-^) 

= det (l - 2iB^^\z){I + JT{z)y^JB^^\z)) = det S{z; Hq, G, J). 
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Finally, note that, by Theorem ^.9| , 

det S{z- Ho, G, J) = det M{z; H, Hq). 
2. It follows from (U) that 



--argdetM(z;i/,/?o), 



arg Dh/Ho[z) 

where the branches are fixed by ( |6.2| ) and by the condition 

ar g det M{z; H, Hq) — > as Imz — > +00. (6-5) 

Now let U be the mapping ( [4 .81 ) (for p = 1) and 7 = ext(r/i o U) (remind that rji has been 
introduced in §3^, and ext — in § |3.5D . Note that for any W (zYi, 

detW = exp j^^ f{e'')de^ , / G ^^\'ni{W)). 

Thus, it is clear that with the choice ( |6.5D of the branch, one has 



arg det M(z; i?, i^o) 



2tt 



^[e'^;t)de, z = A + i(l -^)^~^ 



where 7 is the lift of 7 with the initial condition 7(0) = 0. This proves the first of the equalities 
( |6.3| ). The second one follows from Theorem |5.1| after the change of variables t = cot (0/2). ■ 



7 The invariance principle for /i 

7.1 Statement of results 

Let Hq and H be self-adjoint operators in a Hilbert space 7i. Fix A G M. In this section we 
prove the invariance principle ( |1.14| ) for the function We find it more natural to prove it in the 
following form: 

f,i0;MX),MH),hiHo)) = K0;f2{X),f2iH)j2iHo)), 0G (0,27r). (7.1) 

The functions /i, /2 in (|7.lD are supposed to satisfy Assumption |l.l| (with the same D cr(-ffo) U 
cr{H) for /i and /2 and with A from ( |7.1| )). 



Theorem 7.1. Let 0, C M. be a Borel set, (j{Hq) U ct{H) C and let the functions fi, f2 
satisfy Assumption \1.1\ with A G il. Let the two pairs of operators fj{HQ),fj{H), j = 1,2, satisfy 
Assumption 4-^'^) (for p = 00). Then: 

(i) Assumption \4.!\ (for p = 00) holds true for the pair fi{Ho), fi{H) at the point /i(A) if and 
only if it holds true for the pair f2{Ho), f2{H) CLt the point /2(A). 

(ii) If for j = 1,2 Assumption \4-!^ (for p = 00) holds true for the pair fj{Ho),fj{H) at the 
point fj{X), then 

Xoo-limr?oo(M(/i(A) + iy; fi{H), fi{Ho))) = X^-limrj^{M{f2{X) + ty; f2{H), /2(i^o))) • (7.2) 

2/^0+ y^0+ 
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Suppose that under the hypothesis of Theorem |7. 1| , the two pairs of operators fj{Ho), fj{H), 
j = 1, 2, satisfy the Assumption 4J(ii) (for p = oo). Then ^(•; /j(A), fj{H), fj{HQ)) is weh defined 
for j = 1, 2. The relation (7.2) leads to the invariance principle ( [/".ip modulo Z. In order to obtain 
the invariance principle in the full scale, we have to replace Assumption [4.1| by a pair of slightly 
more restrictive conditions. 

For z G C, 2 ^ ]R_ := {z \ \mz = 0, Rez < 0}, let us fix the branch of argz, say, by 



arg z G (— vr, vr), z G C \ ^ 



(7.3) 



Assumption 7.2. For a pair of self-adjoint operators Hq, H , one has: 
(i) for any z G C+, 



arg(i/ - zl) - arg(/7o - zl) G &oo{n); 



(7.4) 



(ii) for any A G M, 



lim ||arg(i? - (A + iy)I) - arg(Fo - (A + iy)I)\\ = 0. 



(7.5) 



Proposition 7.3. If for the pair Hq, H Assumption \7. ^(i) holds, then Assumption ^^(i) holds 



If Assumption 7A(ii) holds, then Assumption ^A(ii) holds. 



Theorem 7.4. Let C M 6e a Borel set, (7[IIq) U criH) C 0,, and let the functions fi, f2 



satisfy Assumption with A G 0. Let, for j = 1,2, the pair of operators fj{IIo),fj{H) satisfy 
Assumption 1_A and Assumption [^.^ (forp = oo) at the point /j(A). Then the invariance principle 
(O) holds. 



Let us give a sufficient condition for Assumption 7.2. 



Theorem 7.5. Let the operators Hq, G, J he as described in %2.i; assume (|2.5|) and let H 



II{IIo, G, J). Then Assumption l.i. holds for the pair Hq, H 



7.2 Corollaries 



Theorems 5.1, 3.1 and 7.4 imply the following statement, which is the central result of this paper. 



2.^; assume (12.51) and let H 



1.1 



for all 



Theorem 7.6. Let the operators Hq, G, J he as described in 
H{Ho,G, J). Suppose that for an open interval 5 C M the inclusion ( [4.11 ) holds. Further, let 
Q C M be a Borel set, (t[Hq) U (y{H) C il, and let a function f satisfy Assumption 
A G (5. Suppose that 

f{H)- f{HQ)&&i{H). 
Then for a.e. AG 5, the representation ( |1.10| ) holds true. 



Proof First note that the limit T(A + iO) exists in &oo{^) by Proposition 4^ and the pair 
H( J"^ + A{\ + zO) + tB{\ + iO)), H(J"^) is Fredholm by Theorem ^ Further, by Theorem [71 



both the pair Hq, H, and the pair f{HQ), f{H) satisfy Assumption \l.2\ By Proposition |4.7| , the 
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pair Hq, H satisfies Assumption (for p = oo) for a.e. A G (5 and the pair f{Ho), f{H) satisfies 
Assumption [4.3| (for p = oo) for a.e. A G M. Thus, we can apply Theorem |7.4| , which yields 



f^ie- /(A), fiH), f{Ho)) = fj.i9; A, H, Ho), a.e. X € 6. 
By Theorem ^T|, one has 

^{6; A, H, Ho) = index(H( J"^), E{J~^ + A{X + iO) + cot(0/2)5(A + iO))) . 
Applying Theorem to the pair /(Hq), f{H), we get 



hm argA;(^)/;(^,„)(A' + iy) = -^ [ \{e; X' , f{H), f{Ho))d9, a.e. A' G M. 
y— >u+ / Jo 

Combining the last three equalities and the Krein's formula (^]^) and making the change of 
variables t = cot (0/2) in the resulting integral, we get ( |1.10 ). ■ 

As in §5^, for the perturbations of a definite sign the representation ( 1.10 ) takes the form 



af{X);fiH),fiHo)) 
af{X);f{H),f{Ho)) 



1 



dt 



I 1 _L +2 ^^^^ -E'A(A+jO)+tB(A+iO) 



+tB(A+i0)((-OO,-l)), 



dt 



l+t2 



rank -E^(A+iO)+tB(A+io) ( [1 , oo) ) , 



J = I, 
J = -I. 



(7.6) 
(7.7) 



The representations (|7.6| ), (|7.7| ) have been originally proven in [|l^] in the following particular 
case. It was assumed that the operator Hq is semibounded from below and /(A) = (A — a)~^, 
I > 0, a < M{a{Ho) U cr(F)). Instead of ( [4.11| ), it was supposed that G(Fo - al)"™" G &2 for 
some m > 0. The proof was heavily based upon the particular form of the function / and used 
the results of |12]. 

Note that the SSF is non-negative in ( [7. 61) and non-positive in ( |7.7D . This fact itself is already 
non-trivial. In the case /(A) = A, it has been proven by M. G. Krein in the original paper [13|, but 
very few generalisations for /(A) ^ X have been known so far (see |21, §8.10] for the discussion). 

7.3 Auxiliary statements 

Lemma 7.7. Let Mj = M* G B{n), j = 0, 1. Then, for any t G M, 
(i) one has 



AtM 



JtMo I 



je— - e--"|| < |t| \\M - Mo\ 
(ii) ifM-Mo£ Goo, then e**^ - e**^o G 6oo. 

Proof Immediately follows from the representation 

rt 



f 

Jo 



-isM 



[M - Mo)e''^°ds 



Recall that we have fixed the branch of the argument by ( [7.31) . 

Lemma 7.8. Let the functions fi, f2 satisfy Assumption at a point A G 1^. Then, for any 
self-adjoint operator H such that (y{H) C il, one has 

hm ||arg(/2(F) - /2(A)/ - iy/^(A)/) - arg(/i(F) - /i(A)/ - iy/((A)/)|| = 0. (7.8) 
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Proof 1. First let us denote gj{x) = [fj{x) — fj{^))/fj{^), j = 1,2 and without loss of 
generality assume that A = 0. Clearly, we get gj{0) = 0, 5^(0) = 1, j = 1, 2, and we have to prove 
that 



lim \\arg{g2{H) - iyl) - aTg{gi{H) - iyl)\\ = 0, 



which reduces to 



lim sup |arg(52(2;) - iy) - aT:g{gi{x) - iy)\ = 0. 

It is sufficient to prove the following two relations: 

lim sup |arg(5'2(2;) — iy) — avg{gi{x) — iy)\ =0 for any 5 > 0, 
lim sup |arg(5t2(x) - iy) - arg{gi{x) - iy)\ = 0. 



(7.9) 

(7.10) 
(7.11) 



2. Let us prove ( |7.10| ). Clearly, by Assumption ^]|(ii), one has sup\^^-^g{l / \gj{x)\) < oo, 
j = 1, 2. Thus, as y — > 0+, 

aTg{g2{x) - iy) - avg{gi{x) - iy) = arg(l - {iy/g2{x))) - arg(l - {iy/gi{x))) = 0{y) 

uniformly in |x| > 6. 

3. Let us prove ( [7.11| ). By Assumption |l.lK i), one has for x — > 0: 

aig[g2{x) — iy) — aig{gi{x) — iy) = arg(x + o{x) — iy) — aig{x + o(x) — iy) 

= arg (1 — i{y/x) + o(l)) — arg (1 — i{y/x) + o(l)) = o(l) 

uniformly in y > 0. I 



7.4 Proof of Proposition |7.3| and Theorems |7.1| , |7.4 

1. Proof of Proposition \7.3^ First note that 



M(z; H, Ho)-I = exp(-2i arg(ff - zl)) (exp(2i arg(Fo - zl)) - exp(2i arg(ff - zl))) . 



Thus, by Lemma 7/7 (ii), ( [7.4| ) implies ( [4.5| ) (with p = oo). The inclusion ( [4. 5]) is equivalent to 
( |4.2| ). Similarly, by Lemma 7^(i), ( |7.5D implies ( [4.6[ ) (with p = oo), and ( |4.6| ) is equivalent to 

(El). ■ 



2. Proof of Theorem 7.1 As in the proof of Lemma 7.8, we can reduce the problem to the 
case A = 0, fj{0) = 0, /j(0) = I, j = 1, 2. Further, for x G M and y > denote 



A{x;y) 



{f2{x) +iy){fi{x) - iy) 
{f2{x) - iy){fi{x) + iy) 



exp (2i arg(/i(x) - iy) - 2i arg(/2(x) - iy)) . 



One has 



M{ty; f2{H), ^(i^o)) = A{H- y)M{iy; fi{H), fi{Ho))iA{Ho;y))* . 
By Lemma |7.8| and Lemma |7.7| (i). 



hm \\A{H;y)-I\\= lim \\A{Ho;y) - I\\ = 0. 
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Therefore, 



lim \\M{iy;f2{H),f2{Ho))-M{iy;MH),MHo))\\=0. 



By Lemma 3.10| , this proves the theorem. ■ 

3. Proof of Theorem 7^ 1. For j = 1,2, let Uj be the mapping ( [4.^ ) (for p = cc), correspond- 
ing to the pair of operators fj{Ho), fj{H) and the spectral parameter fj(\). Let 7j = ext(r/oo ° Uj) 
(recall that ryoo has been introduced in §3^, and ext — in §|3.5|). Clearly, 71 (0) = 72(0). By 



Theorem 7.1, 7i(l) = 72(1)- Below we explicitely construct a homotopy between 71 and 72. By 
Proposition |3.8| , the existence of a homotopy between 71 and 72 implies that 

sf(z;C/i) = sf(z;C/2), z£T\{l}, 



and (7^) follows. 

2. As in the proof of Lemma 7.8, we reduce the problem to the case when A = 0, fj{0) = 0, 
f'.(0) = 1, j = 1, 2. Further, for x G M and t £ (0, 1) denote 

hj{x;t) :=arg(/j(x)-i(l-t)t-^), j = l,2. 

For x G M, s G [0, 1] and t £ (0, 1) denote 

A{x; t, s) := exjp(2is{hi{x; t) — h2{x; t))) , 
M{t, s) := A{H- 1, s)M{i{l - t)r^- fi{H), fi{Ho)){A{Ho;t, s))* . 



(7.12) 



It is straightforward to see that 

M(t,0) = M{i{l-t)t-^;fi{H),fi{Ho)), 
M{t, 1) = M{i{l - t)t-'; /2(F), f2{Ho)). 

3. Let us check that M{t, s) - I £ 6oo(W) for all (t, s) £ (0, 1) x [0, 1]. By Assumption Qi), 
one has hj{H; t) — hj(HQ; t) £ Q^oiji) for all t £ (0, 1) and j = 1, 2. By Lemma [7.7K ii), this implies 
that 

exTp{2ishj{H;t)) - exp{2ishj{Ho;t)) £ 6oo(W), {t,s) £ (0,1) x [0,1], i = 1,2 
and therefore 

A{H; t, s) - A{Ho;t, s) £ &oo{n), {t, s) £ (0, 1) x [0, 1]. 

From here it is easy to infer that M(t, s) — I £ Soo('^)- 

4. Define the mapping F : [0, 1] x [0, 1] X^o by 

r(t,s) =r/oo(M(t,s)), t/0,1; 
F(0,s) =0; 

F(l,s)=7i(l)(=72(l)). 

Let us prove that F is a homotopy between 71 and 72. By ( [7. 121) , F(t, 0) = 71 (t) and F(t, 1) = 72(t) 
for all t £ [0, 1]. It remains to check that the mapping F is continuous. 

5. First let us check that the mapping 

(0, 1) X [0, 1] B {t, s) ^ M{t, s)-l£ eoo(W) 
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is continuous. By Proposition 42(iii), M{i{l — t)t fi{H), fi{HQ)) depends continuously on 
t G (0, 1) in the operator norm. It can also be checked explicitly that the mapping 

(0, 1) X [0, 1] 3 {t, s) ^ A{-, t, s) G C(M) 

is continuous and therefore A{H; t, s) and A{Hq; t, s) depend continuously on (i, s) in the operator 
norm. 

6. Let us check the continuity of F at t = 0. Let us prove that 



lim sup \\M{t,s) - I\\ 

*^°+sG[0,l] 



0. 



Assumption [7.2| (ii) implies that 



lirn \\M{iy;fi{H)Ji{Ho))-I\\=0, 



and therefore it suffices to prove that 



lim sup \\AiH;t,s)-A{Ho;t,s)\\=0, j = 1,2. 



By Lemma |7.7| (i) , the last relation follows again from Assumption |7.2| (ii) 
7. Let us check the continuity of L at t = 1. Let us prove that 

lim sup ||M(t,s) - M(t, 0)11 = 0. 
*^i-se[o,i] 

It follows from Lemma [7^ and Lemma |7.7|(i) that 



(7.13) 



lim sup \\A{HQ;t,s) 



' se[o,i] 



lim sup \\A{H;t,s) - I\\ = 0. 



' se[o,i] 



This implies ( 7.13 ). By Lemma 3.1C , it follows that T is continuous at t = 1. 



7.5 Proof of Theorem [TTsI 

Lemma 7.9. Let Hq be a self-adjoint operator in TC and K be a compact operator. Then, for any 
r > and ip G Ti. one has 



/ K{\Ho\+I)^/\Ho-itI)-^iP dt<C^{r;K) 

J r 



(7.14) 



where 



lim qrmr; K) = 0. 

Proof 1. Below we prove the following two facts: 

(i) the relations ( [7.14 ), ( 7.15| ) hold for any finite rank operator K; 

(ii) for any bounded operator K and any ip G7i one has 



/oo 
K{\HQ\+lf'\HQ-itiy^ij 



dt < 



K\ 



(7.15) 



(7.16) 
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where C ^.i^ is a universal constant. 

Approximating a compact operator K by finite rank operators, it is easy to obtain the assertion 
of the lemma from (i), (ii). 

2. Let us prove (i). Clearly, it is sufficient to consider a rank one operator K = (■,{p)x, 
llv'll = 11x11 = 1- Let dfj,^p{X) := d{EH^{(— oo, X)) if, be the spectral measure of Hq, associated 
with the vector (p. One has: 



K{\Ho\+iy/HHo-itI)-^i^ 



dt 



< 



{i\Ho\+I)^/\Ho-itI)-^ij,ip) 

{\Ho\+lY'^{Ho + itir\ 
|A| + 1 



dt 

2 



dt 



dt 



dfi^{X) 



X2 + t^-^^ 
F{X,r)dfi^{X), 



where 



Clearly, 



F(A,r) = (|A| + l) 



dt 



|A| + 1 
|A| 



tan-i(|A| /r) 



Ch i'A := sup sup F(A, r) < oo, 



(7.17) 



dt 



and limr^oo F{X, r) = for any A G M. Therefore, 

lim / F(A,r)dAv(A) = 

and we arrive at (|7.14| ), ( [7.15 ) with CFiil = Jj^ F(A, r)d/i(^(A). 
3. Let us prove (ii). As above, one has: 

/oo 2 /'OO 

K{\Ho\+I)^/\Ho-itI)-^iP dt<\\Kfj {\Ho\+I)^/\Ho-itI)~^iP 

= \\Kf f F{X,l)dfi^{X)<CFI^\\Kf\\i;f, 

JR 

and we get ( 7.16| ) with CJJq = C ^.n\ - i 

Proof of Theorem 7^ 1. First of all, note that the conditions (|2.5| ) are invariant under the 
linear transformations Hq oHq + bl, a, 6 G M. Thus, it is sufficient to prove ( |7.4| ) with z = i 
and (^ — with A = 0. 

Next, we will use the integral representation 

""^ X dt 



arg(x — iy) = — (7r/2) + Im 



X — it t 



x£R, y > 0. 



In view of this representation, it is sufficient to prove that under the assumptions (|2.5|) , one has 

(7.18) 



J [{H - itl)-^ - {Ho - itl)-^]dt £ &oo{n) foranyi?>0. 



lim sup 

'■^a^ R>r 



J [{H - itl)-^ - {Ho - itl)-^]dt 



0. 



(7.19) 
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By (2.10), the inclusion ( f4.2[ ) (with p = oo) holds for all z G p{Hq) n p{H). From here we get 
( 7.18 ). Thus, it remains to prove (|7.ig| ). 

2. Let us prove (p^. First, for brevity we denote K := G{\Ho\ + 1)'^/^ . Using (|2lc|) and 



Lemma |7.9| , we obtain the following estimate for any ip,(p S Ti: 
rR 



J [{{H - itI)-\, iP) - {{Ho - itiy^if, tl;)]dt 

rR 

< J ||(J-^ +r(it))-^|| \\G{Ho-itI)-^ip\\ \\G{Ho-itI)-^^dt 



< sup \\{J-'^ +T{it))-^\ 

t>r 



K{\Ho\+lf'^{Ho-ttI)-^^ 



2 \ 1/2 
dt\ 



K{\Ho\+lf'\Ho-itI)-'i, 



dt 



1/2 



<sup||(j-i + r(it))-i|| \M iiv^ii cra(r,i^), 

t>r 



which, by (|7.15| ) and ( 4.17 ) (with p = oo), proves (|7.19|) 



8 Appendix: additional properties of the function /i 



Here we prove formula ( 1.11| ) and explain the relation of the function fi{-; X, H, Hq) to the eigen- 
value counting functions of the operators Hq H. These results have not been used above and are 
given only in order to clarify the links of the function p to the standard objects of the spectral 
theory of perturbations. 

8.1 The function fj, and the spectrum of the scattering matrix 



Let the operators Hq, G, J be as described in §2.2; assume ( p.5| ) and let H = H{Hq, G, J). Fix an 
interval A in the absolutely continuous spectrum of Hq. Below we give a criterion for existence 



of the scattering matrix S{\; H, Hq) for a.e. A S A, which can be found, e.g., in |21, §5.8]. For 
technical reasons, we suppose that KerG = {0}; this will simplify the statement below. 

Proposition 8.1. Suppose that for a.e. AG A, the limit 

n-limT(A + iy) 

exists and G p{J^^ + ^(A + iO)). Then the local wave operators W±{H, Hq; A) exist and are 
complete. For a.e. A G A, the scattering matrix S{X; H, Hq) is given by 



5(A; H, Hq) = I- 2TTiZ{X; G){.J~^ + r(A + iO))-^Z*{X; G), 
where the operator Z{X; G) satisfies the relation 

irZ*{X; G)Z{X; G) = B{X + iO). 



33 



In this situation, clearly, S{X; H, Hq) — I £ Sqo- Note that under the hypothesis of Proposition 



8.1 , the Assumptions |4.l| and |4.3| hold for p = cc and a.e. A G A. 
Further, by (4.24) and Theorem 4.9, one has 



T]oo{S{X;H,Ho))=r]^{S{X + iO;Ho,G,J))= lim r]^{M{X + iy; H, Ho)). 



Thus, we see that under the hypothesis of Proposition B.l, for a.e. A S A the relation ( 1.11 ) holds 
true. 

8.2 The function /i on the discrete spectrum 

1. Let Hq, H be self-adjoint operators in H, satisfying Assumption (with p = oo). If 
A G M \ (cr(i?o) U a{H)), then, obviously, Assumption |4]| is fulfilled and M{X]H,Hq) = I. 
Therefore, fj,{6; X, H, Hq) equals to an integer constant. Below we discuss the relation of this 
constant to the eigenvalue counting functions of Hq and H. First we need notation, similar to 
( |3.5| ), but for self-adjoint operators. For Ai, A2 G K and H = H* we put 

rank£;H([Ai, A2)), A2 > Ai, 
N{Xi,X2]H) = { 0, A2 = Ai, 

-rank£;H([A2, Ai)), Ai > A2. 



Remind that Assumption 4.1 implies that aess{H) = aessiHo). 

Theorem 8.2. Lei [Ai, A2] ncress(Fo) =0 and{Xi,X-2} C p{H)np{HQ). Then, for all 6 £ (0,27r), 
p{e- A2, H, Hq) - p{e- Xi,H, Ho) = iV(Ai, A2; H) - N{Xi, A2; Hq). (8.2) 

2. Let 

H ■.[0,l]3a^ H{a) 
be a family of self-adjoint operators in Ti, which satisfies the following assumptions: 

{H{a) - zl)-^ - {H{0) - zl)-^ e 600(H), yz G C+, a E [0, 1], (8.3) 
the mapping [0, 1] B a ^ {H{a) — zl)~^ € B{H) is continuous for all z G C+, (8-4) 
lim sup y\\{H (a)- {X + iy)I)^^ -{H{0)-{X + iy)I)-^\\=0, VA G M. (8.5) 

By (^^), the essential spectra of all the operators H{a) coincide. Suppose that A C M.\aess{H{a)). 
Below we explain that for A G A the function ij,{9; A, H{1), H{0)) can be considered as the spectral 
flow of the family H through the point A. 

In order to define the spectral flow of the family H, let us repeat (without proofs) the basic 
steps of the construction of §|^ First let us fix a function space X where the function sf{X;H), 
A G A, will belong to. Let X be the set of left continuous bounded non-decreasing functions 
/ : A — > Z. There is a lot of freedom in choosing the topology in X; let us consider X with 
the topology, say, induced by the embedding X C Li{A) (we could instead take Lp{A) with any 
p < 00). Consider the equivalence relation 

f ^ g <^=^ 3n G Z : Vx G A, f{x) = g{x) -\- n. 
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7) 



Let X be the quotient space and let vr : X ^ X be the corresponding projection. In the 

natural way one defines a topology in X and checks that vr : X ^ X is a covering. 

Further, note that for every a G [0,1] and Aq S A Pi p{H{a)), the function N{Xq, •; H{a)) 
belongs to X . Define the mapping 7 : [0, 1] ^ X by 

7(a) = 7r(iV(Ao, •; H{a))) , Aq G A n p{H{a)). 

This definition does not depend on the choice of Aq. Since all the eigenvalues of H{a) depend 
continuously on q, it follows that 7 is continuous. Let 7 be a lift of 7 to X. Then we put 

sf(A;//) :=7(A;1)-7(A;0), A G A. (8.6) 

As in § 0.5| (3), it is easy to see that 

sf{X;H) = (the number of eigenvalues of H{a) that cross A leftwards) 

— (the number of eigenvalues of H{a) that cross A rightwards) 

as a grows from to 1, whenever the r.h.s. is well defined. 

It follows from Theorem B.2 that si{X;H) and p{9; X, H{1), H{0)) differ by a function (of A), 
which is identically equal to an integer number. The following theorem shows that this number 
equals zero. 

Theorem 8.3. The mapping 

[0,1] 3 fi{e;-,H{a),H{0)) G Li(A) (8.8) 

is continuous. 

Thus, the mapping ( |8.8D is a lift of 7 and therefore, 

p{9;X,H{l),H{0)) =si{X;H), A € A. (8.9) 
As a typical example, consider the family H{a) = H{Hq, ^/aG, J), where the operators Hq, 



G, J satisfy (2^). It is easy to see that in this case the assumptions ( |8.3| )-( |0|) hold. Moreover, 
the eigenvalues of H{a) in the gaps depend analytically on a, and therefore the r.h.s. of (|8.7D is 
well defined (see, e.g., pO| ). 



8.3 Proofs of Theorems 8.2, 8.3 



Proof of Theorem 8A 1. Let us first prove that if [Ai, A2] C p{Hq) n p{H), then 

p{e; Xi,H, Ho) = p{e; X2,H, Hq). (8.10) 
For j = 1, 2, let -jj : [0, 1] — > Xqo be the mapping 
7,(0) = 0, 

7jit) = VooiMiX,+iil-t)t-^;H,Ho)), t G {0,1]. 
We need to check that 71 and 72 are homotopic. Define the mapping F : [0, 1] x [Ai , A2] X^o by 
F(0,A) = 0, Ag[Ai,A2]; 

r{t,X) = rj^{M{X + i{l-t)t-';H,Ho)), {t,X) G (0,1] x [Ai,A2]. 
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Similarly to the proof of Theorem 7.4, one easily checks that T is a homotopy between 71 and 72. 

2. It remains to check that for all A G M \ dessiHo), one has 

fj,{e;\ + 0,H,Ho) - fJ.ie;X-0,H,Ho) = rank£^//({A}) - rank^Ho({A}). (8.11) 

Without the loss of generality assume that A = 0. Choose e > small enough so that there is no 
spectrum of H and Hq in [— e, 0) U (0, e]. We are going to prove that 

fi{9; e, H, Hq) - -e, H, Hq) = rank Eh{{0}) - rank ({0}). 

In order to do this, consider the path /3i : [0, vr] Xoq, 

(3i{t) = i]^{M{ee'';H,Ho)). 

Clearly, /?i(0) = /?i(7r) = 0. Further, consider the paths 7-1- : [0, 1] Xoo, 

7±(0) = 0, 

7±W = Voo{Mi±e + i(l - t)t-';H, Hq)), t G (0, 1]. 

It is easy to see that the catenation 7+ • Pi is homotopic to 7_. Therefore, it is sufficient to prove 
that 

A{0;7r) - = lankEHom) " rank^j^({0}), (8.12) 

where /3i is a lift of Pi . 

3. In order to prove ( 8.12| ), we are going to check that Pi is homotopic to the following path 
P2 : [0,7r] ^Xoo: 

/?2(t) := r^ooiiEniR \ {0}) + e-'^'EnaomEHoiR \ {0}) + e^'^EHom)))- 
It is clear that for a lift P2 of P2, one has 

^2(^;vr) - ^2(^;^) = rank^j^o({0}) - rank^H({0}), 



which implies ( ^.12 ). 

4. The homotopy F : [0, vr] x [0, 1] Xqo between Pi and P2 is given by 

T{t,s) = 7]^{U{t,s)), 

U{t, s) = [ ^h\'1'~uI Eh{R \ m + e-'^'Enm) 

H, - see^'l ^^^^^ ^ ^^^^ ^ c'^'EhMO}) 



Hq - see-**/ 



Proof of Theorem \8.Sl 1. First let us prove the following statement. Fix A G p{Hq) and consider 
fi{6; X, H{a), H{0)) as the function of a. Let 6 = [01,02] be an interval such that A G p{H{a)) 
for all a G 5. Then 

^{9; A, H{ai),Hm = p{9; A, H{a2),H{0)). 
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For j = 1,2 let Uj be the mapping ( ^.SD (with p = oo) for the pair H{0), H{aj), and let 
7 = ext(r/oo o U). We need to prove that 71 and 72 are homotopic. Using ( |8.3|) - (|8.5|) , one easily 
checks that the mapping F : [0, 1] x 5 ^ ^00, given by 

r(0,a) = 0, 

r(t, a) = VociM{X + i(l - t)t-^; H{a), H{0))), 

is a homotopy between 71 and 72. 

2. Fix uq G [0, 1]; let the neighbourhood lu C [0, 1] of uq be small enough so that there exists 
Ao G A, Ao e p{H{a)) for all a E w. As we have seen above, one has 

Ao, Hm = ^i{e; Xo,H{ao),H{0)), a e co. 

Therefore, by Theorem |8.2| , 

lj{e; A, H{a),H{0)) - fi{9; A, H{ao), H{0)) = {fi{9; A, H{a), H{0)) - fi{e- Ao, H{a),H{m 

- {fi{0; A, i/(ao), H{0)) - Ao, i/(ao), ^(0))) = iV(Ao, A; H{a)) - N{Xo, A; H{ao)). 

Since there are only finitely many eigenvalues of H{a) in A and they depend continuously on t, 
we conclude that 

hm ||iV(Ao, •; H{a)) - iV(Ao, •; H{ao))\\L,<^. = 0- 

This implies (|8^). ■ 
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